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Question 1
(a) (i)

(i)

(b) Area under OP between 0 and 4 = 16.

So the area of the shaded region

=16 —-128 =3.2
Question 2
y=ux+4z?
(a)
dy -3
Y18
dz v
(b) At stationary point
1-8z7%=0
3 =8
x=2

so required coordinates are

(2,3)

d*y —4

At the stationary point (2,3)

d?y
—= =+1.5
dx? +

so this stationary point is a minimum

Question 3
(a) (i)

1
Area of sector = 57"29

SO 1
5.829 =320 cm?

1
Area = §(base x height)

1
=3 x 8 x 8sind
= 32sin6 em?
(iii) Area of segment

= 3260 — 32sin 6

80 — 8sinf —m =0
(i) When 6 = 1.3, expression becomes
8x1.3—-8sinl.3 — 7 = —0.450
When 6 = 1.4, expression becomes
8x1.4—-8sinl4—7m=0.175

Since the expression changes sign within these val-
ues of x, then there must be a root between them.

(ii)
F(1.4) — £(1.3) ~ 0.625

so increment to 1.3 would be

0.450
— = (0.72
0.625 0-720

Q

giving an estimate for the root of

1.37

Question 4
(a)
2cos’z =2 +sinx
2(1 —sin®x) = 2 +sinx

2sin?z +sinz =0
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(b) above eqn. becomes

sinz(2sinz +1) =0

therefore
sinr=0=z=0,7
or
1 T
2sinz = —1 = sinz = —— =—,—
sinx = sinzx 9 = 6
Question 5
f(z)=2+1nz
(a) ()
1
! —
OE:
(ii) When x=e
1
! —
7'tz =

(b) translation by 2 units in positive y direction
(¢) (i) Range is given by
—o0<y< oo
(ii) Domain is given by
—0o<z< o0

Range given by
y >0

(iii)

stated otherwise

fiy) =e'?

altering variables gives

F ) = e

Fg(@) = flea®) = 2 + In(ea®)

=9%+Ine+nz’=2+1+3Inz

=3+3lnzx=3(1+Inx)

fg(z) =9
31+Inz)=9
Inx =2

1‘262

Question 6

(a) (i) First term is

a
Second term is
p
ata (100)
p
— 1 s
a(1+ 100)
and General Term is
i)
T (100
p
1+ 10p)
x( * 100

showing the common ratio

(i) If a = 2000

b = 2000 (1+ %)

2000 (1 4+ 2\
€= (*m)

P 2
2000 (1+ 2} = 2332.
000( +100) 332.80
2332.8
—100 4/ 1
p 00( 2000 )
p=23

(ii) Formula for general term is

Uy = ar™ !

when the first term is u;. But here we designate
the first term to be ug so general term becomes

Uy = ar™

SO
8 n
n=2000 (14—
“ ( + 100)
= 2000 (1.08)"

(iii) After 10 years, balance

= 2000 x 1.08'° = £4317.85
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Question 1

o+ = (a+0)° - 203

= (-p)* - 2(2)
= p2 —_ 4
(c) From above
p’P—4=5

P’ =9

p=43
Question 3
(a)

tan 45 + tan 6

tan(45° +60) = —M ——
an(45% + 0) 1 —tan45tané

_ 1+tand
" 1—tané

tan 105° = tan(45° + 60°)
from above
1 4 tan 60
1o tan 60
148
=1-v3

multiply top and bottom by 1+ v/3

1+43+2V3
S 1-3

4428
=2

=-2-V3

Question 4

1
2cosx —— =0
x
(a) When x = 0.6, the LHS of above eqn.

1
— 2¢080.6 — —
€08 0.6

= —0.016

When x=0.7, the LHS of above eqn.

1
— 2¢080.7 — —
om0

=0.101

Since it changes sign in the interval, there is a root in

this interval

(b) Newton-Raphson method is given by

fn
LTn+l = Tn — &,

fa

derivative of function is

1
—2sinx + —
T

If 2, = 0.6
—0.016
—2sin0.6 + 06
—0.016
72 =06 = 978
29 = 0.610
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Question 5

dy sinx(2) —2rcosx
de sin?
_ 2sinz —2xcosT
N sin?

(b) (i) The gradient at (5, )

_ 2sing — S cos g
B sin2%
2 2
=1=

The eqn of the tangent is

Y — Yo = 2(x — x0)

Vs
=2 — =
y—m =2 2)

y=2r—m+7
y =2
(ii) Gradient of normal at this point = —1
The equation of the normal will be

_ __}(x_z)
y=—rm=75 2

1 71'
y=—5r+ - +m7

2" "4
_ 1.5
YETt AT
Question 6
(a) radius
= V(221721
=VA+49-4

= \/ 4 = 7
coordinates of center
(727 7)
(b) sketch (using information above)

(c) Designating Q as the center of the circle, and R the
point where the tangent touches the circle

The distance (PQ) from P(6,8) to Q(-2,7) is given by
PQ*=82+1%2=65
Forming the right-angled triangle PQR
PR? = PQ* — QR?
=65—49
=16

therefore
PR =4
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Question 1
9.8 9.8.7
(2 +32)" =2 +2%.9(32) + 27.?(33@)2 + 26.T

so coefficient of z3

9.8.7
_ 96 93
=23 ST
= 145152
Question 2
r=3t—-1 y=1
(a) d d 1
@=3 H=w
dy _dy it 11
de  dt'de 23
__ 1
3t2
(b) at t=1, the gradient of tangent
o+ 1
3123

so gradient of normal = 3
when t =1, x =2, y =1 - so eqn of normal is
y—1=3(z—-2)
y=3x—5

Question 3

(a)

dA _dA dr
dt ~ dr dt
= 27r.3

At r =50
= 27.50.3

= 3007

= 942cm? /min

Question 4

N = Act
(a) If Ny = 1000
1000 = A
(b)
12000 = 1000c¢%°
A =12
c=1.0423

(¢c) (i) Take logs of both sides
In N = In(Ac)

InN=InA4+Inc

tlhe=InN—-InA

InN—-InA
t= —mM8—
Inc

_In 1000000 — In 1000
N In1.0423

~In1000
" In1.0423

= 167mins

Question 5
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(b) When t =0,z =1

(x—1)(x—-2) A B+ C —In(10-1)=04+c=c=—-1n9
x2(3x — 2) x 22 (Bzx—2)

S0 eqn becomes

(x —1)(z —2) = Ax(3z — 2) + B(3x — 2) + C2? ¢

—In(10 — 2) = 5 —1n9

Let x=0
2=-2B=DB=-1 .
Compare coefficients of x =5 (10 — a:)
—3=-24+3B when x=2 9
= 5ln§ = 0.589
2=-34+3=0=>A4=0
Compare coefficients of 22 Question 7
1=34+C (a)
c=1 B 53 1 [ 2
AB=| 21 | =| 1
(© 42 2
(-2 1 1 o
% _ + - 4_3 T B 1
x2(3x — 2) x2 3z —2) it - 11| = 5
now 1-2 | | -1
1 _ 3\ (b)
=Bzr-2)t=-2"11-=
Gooz 7 (-%)
3 2 1

2
|
N —
/N
—
|
/T\
w
ol &
N———
+
—
[a—
o=
]
S~—
/|\
w
2o g
S~
(V)
~_—
[N
+
>~
N =
+
=
1 1
)

~ _% _ Zw _ gxz (¢) Taking the vector product of AB and AC
SO i k
@-N@-2) 1 1 3 9, 2 1 2
x2(3x — 2) 2 2 4 8 1 -2 -1
(@-D@-2) (1 1 3 9,
3z — 2) x2 2 4 8
3i+4j— 5k
(-~ 1)z ~2) Ly 34 9, !
—1— -z - —r
3z —2) 2 4 8 Since this is in the exact opposite direction to (-3,-4,5),
the latter is perpendicular to the plane.
QU_eSthl’l 6 (d) 2x -3y - z=6 has the perpendicular
(a) (2,-3,-1)
dr = %dt the angle between the two planes is given by
a.b
. dz . ) s = ——
with 2% given by formula in question cos fa|[b]
da
8 )1( 1dt8 51 g ()d;)( 4 (where a and b are perpendicular to each plane)
0.3 1.54 1.692 0.3 0.5076 0 —6+12-5
cosf =
0.6 2.0476 V(=32 (—4)2 +52,/22 + (=3)2 + (—1)2
) cosf = _t
/ —dz [ di V50V 14
10—z J 5 cosf = 0.0378
0 = 87.8°

t
—1n(10—x):5+c
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Question 1

(a) (i) the three roots added together
atf+(a+p)=-

therefore
a+B=-p

(ii) three roots multiplied together
af(a+p) =8

aB(—p) =8

8
aff = ——
p

aff + ala+ B) + Bla+5) =0

—2 +a(=p) +B(-p) =

—%—p(a—l—ﬁ):O

Question 2

(a)
4sinhxz +e* =5

et —e ?*

4'T +e* =5
3¢ —2e7 " =5

multiply through by e®, and re-arrange

3e?* — 5" —2=0

(b) From above, given equation becomes

3¢* —be* —2=0
Let u =¢€*
3u —b5u—2=0
(Bu+1)(u—2)=0
giving
1 - .. .
u=-—g e’ =—g (invalid because e” must be +ve)
or

u=2=e"=2=x=1In2

Question 3

(a) Argand diagram
Area bounded by circle, center (0,2) with radius of 1

(b) greatest and least values of argument correspond to ar-
guments of tangents. So can form a right-angled tri-
angle of hypotenuse 2 (along vertical azxis), side 1 (a
radius), and the other side formed by the tangent to
circle from origin. If « is the angle at the origin

. 1
sina = —
2

and due to symmetry, the argument of the tangent on
‘the other side’ will be

2
Question 4
(a) (i)

/ cosh? z dz

1 /(cosh 2x + 1)dz

1

=3 (s
1
a1’

sinh 22 + x) +c

1nh2x+ +c

/x coshx dx

= xsinhz — /sinhac dzx

=xsinhz —coshx + ¢
(b)

xz =cosht+1¢

d
d—f =sinht+1
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dr\ 2 .
(;) = sinh? ¢ + 2sinh ¢ + 1 (i)
and r — —
y = cosht — ¢ ;(r—i—l)! = 7! = (r+1)!
dy .
2 —ginht—1 First term
7t sinh ¢ 1 B l
dy ? .19 . 1 2
(dt) =sinh”¢ — 2sinht + 1 Second term .
therefore 376
dz 2 n dy 2 — osinh?t 4 2 It can be seen that adding these two terms together will
dt dt = oS leave only the first and last term. By extension, for the
) ) whole series, only the first and last term will remain,
= 2(sinh”¢ + 1) = 2 cosh” ¢ so required sum is
(c) () 1
1 ) (n+1)!
5:277/ y (&% +9%)2 dt
0 - 1
! 1 (n + 1)'
= 277/ (cosht — t)(2cosh? )z dt
0 (b)
1
= 27r/ (cosht —t)v/2cosht dt
0 .
s ) Question 6
=27 2/ (cosht —t) cosht dt :
0 (a) (1)
(i) 1 1
—_ — —1 ) M —1 —
1 wl = (1) (-1 -1)
277\/5/ (cosht —t) cosht dt
1 0 1 =-(1-i) =1
1
2mV/2 / —(1 + cosh 2t)dt — < [tsinht]} — / sinhtdt o | ..
o 2 0 (i)
inh 2 ! — tan~1(—
2mV2 [; + Sln4 b {tsinht — cosht}} 0 =tan™"(-1)
Lo 10 3T
t sinh2t =—
2mV/2 [2 + 51n4 — tsinh ¢t + cosh t} 4
0 so required form is
1 inh 2
2mV/2 { ( + 2 Gnhi1 + cosh 1) - (1)} isx
2 4 e 4
inh 2 1
2m/2 <SH; —sinh 1+ cosh1 — 2> (b)
23 _ e”'T":tiQnﬂ
Question 5 ir i2nm
z=e€e4 3
(®) s o
ot
rl (r+1)! (¢) (1) ( easist to do in polar form )
_ (= (1—w)(1 —w")
ri(r +1)!
Cr((r 1) — 1) = (1= (1-e7F)
e+ 1) s s
() =14+1—-e1 —e1
ri(r+1)! 22—2608??%

(r+ D) — 243
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(ii) The sum of a geometric series where the first term

is the ”zeroth” term is given by
1—pntl
Sp =a———

1—r

now
_ .0 _
a=w =1

SO

1711)12

Si1 =
H 1—w

multiply top and bottom by (1+w*), using results

above
2(1 — w*)

242
2(%%(*14))
2+V2
2(1—@(—1—@))
2+V2
24+ V24 V20

2442
=1+ (V2 - 1)i

(multiply imaginary part top and bottom by 2—+/2
to get the result on the line above)
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Question 1

d
4 +ycotx =2cosx
dx

LF =
t . 1 21 .
efco T _ elnblnm — elnsmw —sing
equation becomes

d
sinxd—y +ycotrsinay = 2cosxsinx
x

. dy :
sinx— 4+ ycosx = 2cos T sinx
dx
—(ysinz) = 2sinz cosx
dx
ysinz = sin®z + ¢

. c
Yy = smnr + ——
sin x

Alternatively (although not really as elegant)

—(ysinx) = 2cosxsinx
dx

ysinz = /sin2x dx

1
ysinx = —50052:(;4—0
1 <cos2x) c
Yy=—= : + =
2 \ sinx sinx
Question 2
(a) (i)

_1 2?2 ot
cosxr = —g—i—m
, a:2+:z:4
cosr=1——+ —..
o 2 2
(i)
22 23 2t
1 N=2z——+ — — —..
nz+l)==z 5 + 3 1
SO
r? 2t
1 s =1 sp—1)+1)= -+ —
ncosz = In((cosz—1)+1) 7t 21
above ignores higher order terms
B x2+x4 x?
2 24 8
2 2t
T2 12

10

Insecx = —Incoszx
x? n xt
2 12
(i)
2 4
. Ilnsecx R
li = lim 2 12
z—0 1‘2 rz—0 562

Question 3
(a)

k
X
/0 (1+m)2dx

Let u=1+x, du = dx
k k
-1 1 1
/ Y —du = / ( — 2) du
0 u 0 u u

o3,
= |lnu+ —

Ul

1 k
mmﬂo
= (ln(l +k)+ 1) — (1)

= [(111(1 +z) +

1+k

k

(b) Ask — oo ,In(1+k)—
and
rir 1

Therefore the integral does not exist

Question 4

(a) Rejigging the formulae given in the question

r_ Yr+1 = Yr—1
Yr = 2h

o Yr+l — 2yr + Yr—1
Yr = 72
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Substituting into the differential equation Question 6
Yrr1 = 2Yr + Yr—1 4(yr+1 - yr—l) _ (a) (1)
52 + o + 2z,y, =0

2 4+9% =16
yr+1 - 23/7‘ + Yr—1 + Qh(errl - yrfl) + 2xryrh2 - 0

Yri1(1420) = (2 — 2R%z,)y, + (2h — Dy,_1

(rcos0)? 4 (rsinf)? = 16
r2(cos® § +sin?9) = 16

e 2(1 — h2z, )y, + (2h — 1)y,—1 16— 4
rH (1+ 2h)

r Ly Yr Yr+1 —4
b) 0 0 1 Y
1

0.1 1.2 1.331 (7'2 costin@) =

1
. 2 - & —
Question 5 r?.5-sin 2z = 4

() if r? = 8cosec26
y= Az (b) At intersection
then 16 = 8cosec26
y = A(—22%e™ " + 2ze %) cosec20 = 2
y = 24Ae ¥ (v — x?) sin 260 = %
and

giving for the principal value (at A)
y" =24 (e (1 - 22) + (—2¢**(z — 2?))

T ™
2="opg="
6 = 12
=24~ [1—2z+ (z— 12)(—2)]
and for the other value (at B)
=24e " 227 — 4o + 1] . 5
T 7r
substitute into equation 20 = 6 = 12

2Ae % (202 —4x+1)+8Ae " (x—a?) +4Ae ™" (2?) = 66_2fc) Area enclosed between C; and Cj is given by

2A(222 — 4z + 1) + 8A(x — 22) + 442> = 6 %1 R
( ) ( ) /12 —.4%dh — /12 —8cosec28 db
comparing coefficients 5 2 5 2
2A—6= A—3 (using Area = % [1%df)
" 4 #
(b) Auxiliary Eqn = [89 + = 5 In(cosec26 + cot 29]

1

)

m24+4m+4=0

m+2)(m+2)=0 40 4 107 10
( ) ) (1271- +3 ln(cosec—@ + cot 1;)
giving solution
—2x
n(cosec=X + cot =X
so general solution is 12 2 12 12

y:(A+B.Z') —2t+3x2 —2x

10 5
(377 + 2ln(cosec—9 + cot ﬂ-)

=e (A + Bz + 3332) 6

. 2
(c) Since . (37r +2 ln(cosec% + cot g)

x'e —0asxr —

then

lim y = :(127%21( \/§>—<2;+21n(2+\/§)

r—00
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:§—4ln(2+\/§)

12
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Question 1

(-1 6 -7
t_Y _ 2 cC=| 1 -3 -1
-1 =2 4 -3 5
where k is a constant, so

=k y=—k, 2= -2k

[ —-11 1 4
c'=| 6 -3 -3
so using the given transformation on a vector formed from -7 -1 5
the above, gives )
Since the determinant of A is -9, then
1 2 0 k -k k
2 1 0| k |=| k |=—| k& 1| 114
3 -1 1 || -%% 2k -2k Al=—-] 6 -3 -3
-7 -1 5
Questlon 2 (ii) Expressing the system of equations in matrix form
a) A matrix
( cosf —sinf Ax=y
[ sinf  cosf } x=A"ly
describes a counter-clockwise rotation about the origin, .
and this will fit the bill if § = %9, producing
X 1 -11 1 4 3
[é_\?] v|=-5] 6 3 3 2
@ % z -7 -1 5 1

b 3
(b) Since M represents the angle %, it will neeed six such

transformations to achieve a a total rotation of 2,

y|=1-1
2
where cosf =1 and sinf =0 i.e. ’
M’ =1 Question 4
. (a) (i) Characteristic equation
Question 3
. 5-A -2 _0
(a) (i) 12 —5—-X |
2 1 -1
k3 k
3 9 _3 BG-=XN(-5-XN—-(12)(-2)=0
2 —
= 2(—9 — 2k) — (—3k — 3k) + (—1)(2k — 9) 25 -5AF5A+ A +24=0
2 _
18 — 4k + 3k + 3k — 2k + 9 = —9 AT-1=0
i.e. determinant is independent of k. A=DA+1)=0
(ii) The fact that the determinant is not zero, means A=lor —1
that the equations have a unique solution. When \ = 1
(b) (1) ifk=1 4 -2 x| [0
12 -6 vyl lo
2 1 -
A=]1 3 1 giving
3 2 -3

dr—2y=0=>2x—y=0

13
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therefore eigenvector is

L 30

6r—2y=0=3z—y=0

giving

therefore eigenvector is

(3]

(iii)

(b) (i) In general
M" = UDU'UDU'UDU...(ntimes)

Since
Uulu=1

then
M" = UD"U!
(ii)
M =UD"U " =1
MU =UD"'U '=UDU '=M

Question 5

(a) (i) The equation tells us that r — a is parallel to b,

1€.

r—a=2\b
r=Ab+a
i.e.
X 2 -4 —4 42X
vy | =X -3 |+]| 10 | = 10 — 3\
Z 1 -4 —4 4+ )\

(ii) Need to find the point where r is perpendicular to

b, i.e where

—4 42X 2
10-3x |.| -3 | =0
-4+ A 1

—8+4X—=30+9A -4+ A1=0
14N —-42=>X1=3

giving the coordinates of N as

(2a 1’ 71)

(b)

14

Need to find line perpendicular to both b(2,—3,1) and
vector along ON (2,1,-1),ie.

2 2 2
-3 X 1 = 4
1 -1 8

By analogy with the equation for the line [, ¢ will be a
vector to the point N, i.e.

2
1
-1

and d will be a line parallel to the line we are seeking,
ie.

1

2 | or any multiple of this vector

4

Question 6

(a)

(b)

(c)

. 3
AD=] -1

using this to extrapolate from B gives the coordinates
of E, i.e.

(2,1,p+5)
(i)
— [ _2 |
AB=1] 0
L P
— [ 2 ]
AC = | -2
(- 2 -
therefore
o 2 2 %
ABxAC=| 0 | x| -2 | =] 4+2p
) 2 4
(i)
. . . 3 2p
AD. (AB x Ac) —| 4+ 2
5 4
=6p—4—2p+20
=4p+ 16

(i) Volume of prism =
1, 4 . .
= (AD. (AB x Ac))
if p =1, Volume = 1(4 + 16) = 10
(ii) When p=-4
AD. ([B x A?J) = 16+16 =0
therefore

A_D, A_B, and AC are coplanar
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Question 1 (d) Resolving vertically
(a) W =R+ 15sin 30
v? = 2as W =75+475=825N

since u = 0; so
v =2 x 9.8 x 10 =196 Question 4
v=14ms™! (a)

. . 2.
(b) air resistance is negligible v = (2t —6)i+t7]

book modeled as a particle . . .
(b) When Q is moving parallel to j

Question 2 %—6=0=1t=3
(a) (i) The acceleration is given by the gradient of the (c)
line SU_3U 92U a=2i+ 2tj
‘= 3 T3 this acceleration will not be constant because it is a
(ii) The distance traveled is represented by the area function of ¢

under the graph (Could treat area as two shapes,

or as a trapezium (as here)) Question 5

= (U x3) =12U (a) Difference of position vectors
(b) Equate distance traveled to area under relevant triangle ) -1 3
1 kNN
o Dividing by 3 gives
giving
U=2 vV = ! ms !
2

QU_eStIOH 3 (b) Using Conservation of Momentum

. . . . . . ) If velocity of R is v
(a) diagram showing W vertically, R in opposite direction

and the friction F = puR acting horizontally to the left, 0.2 [ 1 } 4ol [ —S } — (0.240.1) [ V1 ]

plus forces shown in question. 2 Vg

(b) Resolving horizontally

F =12+ 15c0s30 031 _g3| =
0.9 V2
3
_19415Y3 50
2 (%1 o -1
=12+ 12.990 vw || 3
= 25.0N (¢) Position vector after 3 secs
(c¢) Since the system is in limiting equilibrium 9 T I
F=uR [ 8 | [ 3 ]
F 25 [ -
R=—=22=75N I
I 3 |17

15
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Question 6

(a) (i) diagram of trailer, showing Weight 250g, Reac-

tion, Friction 100N to left, and force in towbar
(T, say) to right.

Taking the left direction as positive
R—-T =ma

T=R—-—ma
=100 — (250 x 0.5)
=100 — 125 = —25N
i.e. 25N to the right

diagram with 25N to the right, and 500 N to the
left, as well as the braking force (B, say) to the
left

Taking the left as the positive direction
B — 25+ 500 = ma

B = ma — 475
B =1250 x 0.5 — 475 = 150N

(b) For trailer, resolving horizontally

T = 100N

Question 7

(a)

SO

(i)

up = Vsina = 21(0.7) = 14.7ms™*

vg =ug — gt
t:uH—vH

g
_ 14.7—-0

—1.
98 b8

vy = u3 — 2gs

o 147
29 2x938
= 11.025m

so distance between this and top of the tree =
3.025m = 3.03m to 3 sig. figs.

1
=ut — —gt?
s=ut—2g

1
8:21><0.7t—§><9.8><t2

4.9t - 147t +8 =10

_147+£V1472 —4x49x 8
B 9.8

t

16

_ 14.7+/59.29
B 9.8
14T+ T77
98
t = 0.71s to first reach 8m

(and also gives 2.286 s for the second solution)

(iii) Subtract one solution for ¢ above from the other
gives

2.286 — 0.714 = 1.57 to 3 sig figs
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Question 1 (ii) Using conservation of momentum
(a) MolUB = MiUA
W= 27 m2(2) = m (4)
27.32 x 24 x 60 x 60
mi o 1
=2.66 x 107 5rad s! my 2
(b) or as ratio
mi:mog=1:2
v =Trw
(iii) KE before
_ 8 —6 1
= 3.844 x 10° x 2.66 x 10 — 5ml,16 = 8my
_ 2 _ -1
=10.22 x 10* = 1022ms KE after
1
= §m24 = 2m2

Question 2 .
Percentage of KE remaining after

(a) symmetry

2
— 22 100 = 50%
(b) 8m1
M7z = 96m x 4+ 160m x 10 Therefore percentage loss = 50%
. (b)
where M is the total mass

Mz = 1984m BT A = A
_1984m 2—va=e(4)
T = e e 7.75m

vq =2 —4e

(¢) By symmetry, the Center of Mass must lie 7.75m from

AR For the two bodies to be moving in opposing directions

we require v to be negative, i.e.

So construct a right-angled triangle with apex B, a ver-

tical line of unknown length from B (passing through de>2
the center of mass), the other line from B being 12.5 2 1
cm long, and the other side being 7.5 cm. € > 192
Therefore - and by definition e < 1. So
.75
tanf = —
1
12.5 = <e<1
6 = 32°

Question 4
Question 3
(a) Need to find speed at 14 meters
(a) (i) Separation Speed = e . (Approach Speed)
v? = u? + 2¢s
1
v —va = 5(ua) v? = 2(9.8)(14)

2—vp=2=0v4=0 v? = 16.6ms™ !

17
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(b) (i) PE lost = Elastic Energy Gained

1
mgh = 5/{902

70(9.8)(14 + x) = %(196):1:2
980 + 70z = 10z”
2> =Tz —98=0
(ii) above equation factorizes to
(x—14)(xz+7)=0

SO
x=—17,o0rl4

giving the answer x = 14 m

(iii) Force upwards due to spring
=kr =196 x 14 = 2744
with downwards treated as positive, and using
F=ma

70(9.8) — 2744 = 70a

a = —29.4ms>

Question 5
(a)

74627:
=]

e —16e2t
2¢t 8el

-

—4e?t 1 —2e%
prma| 2[5
=4[(—4e*")(1 — 2¢*") + 2¢" 2¢']

4 [—46% + 8t + 462t}
32¢*

In3
= / 32¢* . dt
0

8y

(ii) Work done

Qetln3 _ g
861“(34) _3
831 -8
640.J

18

Question 6

(a) At C, weight is the only force on car, so

2

muv
mg =
r
giving
vt =rg

(b) K. E. at B = K. E. at C + PE gained from B to C

1 1

§mu2 = §mv2 + mg(2r)

1 9 49

—mu” = —mr mgr

B B g g
u? = 5gr

(¢) Between A and B,
PE lost = KE gained
1
h=-mu’
mg 5 MU

h=2
2

SO
k=25

(d) Include friction in the formulation, or other resistive
forces
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Question 1 Question 3
(a) (a) Moment of Inertia of disk about O
I =mr? = miaQ
2
= (0.4)(0.05)2 Using the Parallel Axes Theorem, the M of I about A
2
_ma 9
= 0.001 kgm? =5 T m(2a)
2
(b) = % + 4ma®
Moment of Force = 1 = gmaz
10 x 0.0025 = 0.001 x 6 (b) (i) PE lost
= mg(2a cos 0)
6= 0.025 25rad s~ 1 KE gained
0.001 1
2
c .
© = %maQGQ

.. 1
w=0t=25x3="T5rad s Equating

2ga cosf = gaQQQ

Question 2 _ 8gcosf
 9a

(ii) Let required component be R

9'2
(a) Diagram showing Vertical Forces of Weight of Lad-
der(20g), Weight of Man (80g) and Reaction at B (R), )
and Horizontal Forces of Friction at B (0.4R), Reaction R —mgcosf = mr6?
at A (S),

s 6
R:m(2a)89COb

+ mgcos 6
(b) (i) Resolving vertically 16

R = —mgcosf +mgcost
100g = R )

2
R = jmg cos 6
Resolving horizontally 9

S =0.4R = 0.4(100g) = 40 x 9.8 = 392N Question 4

a) Each internal angle is 120°
(ii) Taking moments about B (@)

Resolving vertically (taking upwards as positive)

S(55in.60) = 80g(x cos 60) + 209(2.5 cos 60) 20830 — 1cos30 + 2c0s30 — 3¢os30 = 0

53 Resolving horizontally (taking forces to the right as
7(392) = 409z + 25¢ positive)
1—3sin30 — 2sin30 + 3 — 1sin 30 — 2sin 30
980v/3 = 392 + 245
4+4sin30(-3-2—-1-2)
980v/3 — 245 1

19
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(b) (i) Taking moments counter-clockwise about B
—3a cos 30—3(2a cos 30)+2(2a cos 30) +1(a cos 30)

= —3a cos 30 — 6a cos 30 + 4a cos 30 + cos 30
= —4acos 30
= —2\/§a

(ii) We have used the standard convention that
counter-clockwise is positive, so above answer
shows that the sense of the couple L is clockwise.

Question 5

(a) Three forces are acting - The reaction R, the friction F
up the plane and parallel to it, and the weight W thru
the center of gravity

(b) Center of Gravity of a cone is 1 x height from the base,

1€. 1 3
a
ZXGUI—?

Forming a right-angled triangle with the apex at the
center of gravity and a horizontal line at the base rep-
resenting the radius of the cone. The sides straddling
the right angle will be of length a and 37“ Calling the
angle at the apex ¢, then we know that the cone will
topple when the apex of the triangle lies to the left
the left-hand corner, i.e. when the line of action of the
weight W lies to the left of the left-hand corner. This
will be when the angle of incline 6 is > ¢, ie. when

a 2
tanf > 5 = tan6 > 3

2
2
6 > tan~? 3= 6 > 33.7°

(¢) Resolving
R =W cos#

Wsinf = F

cone will not slide when F' < pyR
Wsinf < 0.6W cos 6

tanfd < 0.6
0 < 31.0°

Therefore the cone will slide before it topples

Question 6

(a) gain in PE by the 1kg mass
=gz J
loss in PE by the 1.5kg mass
= 1.5gx J
therefore total loss in PE

= 0.5gx J

(b)

Total KE of masses

1, 1 ,
25(1)1) + =(1.5)v

2
=1.2502 J
KE of disk )
= 5[0{]2
Now

v
w=—-=4v
r

so, KE of disk
1
= 5(().25>)(4v)2

=202 J
Therefore, the total KE

=3.250% J

Equating gain in KE to loss of PE

3.250% = 0.5gx
Differentiate by t
dv dx
3.25(2v)— = 0.59g—
@)% a
where fli—f =, S0
dv  0.5g 9
— = —>=0.754
7 65 0.754ms

20
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Question 1

(a) Using equation of motion

0.2a = —0.2¢g — 0.002v?

a=—g—0.01v°

dv
— = —(9.840.010°
vdx (9.8+ v)
Note : using
oo™
T dx

from
dv  dzdv dv

Tt dtdx dz
(b) Rejigging above equation

v

Y w=d
98+ 0010270 "

0
0.02v
50 dv= | d
/798+0012U / v

2] = —50 [In(9.8 + 0.010?)] )

9.8
h=-50(1
p0 (n 10.29>

=2.44m

Question 2
(a)
r+y+z=k
where k is a constant. Therefore
i+y+i=0
y=—-x—2

Yy =3 —2y

T = -3z

T [
x

Inx=-3t+C
when t =0,z =4

Ind=C_

21

SO

Inx = -3t +1n4

= -~ 3t+ind
= e 3tpnd
r = 4e” 3

inserting this into expression from (a)

(ii) LF.

§=3(4e?") — 2y

§+ 2y = 12e73¢

1

2t 2t
= dt = =
/e 26

eqn becomes

L o Loor) _ 3t (1 o
y(Qe >+2y<2e =12e 26
d (1 o —t
s - t :6 L
i () =o

1
iye% =—6e"+C

When t=0, y=0

0=—6+C=C=6

S0 expression becomes

1
de% =—6et+6

y=—12e3 4+ 12¢ %

(iii) Differentiating y

j = 36e” %" — 24e7%

This is a maximum when

i.e. t=1Inlb

inserting this into expression for y from (ii)

y — _126—311’11.5 + 126—21n1.5

y=178¢
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Question 3 Question 4
(a) (a) acceleration of missile towards Earth
m = 1000]439 e — _Gm1m3 B (_ Gm2m3>
r = 20kgs™* 3 x2 (d — z)?
-1
u = 800ms L Gmy  Gmy
~ (d—1x)? x?

Consider time t
Velocity of car = v (b)
Mass of car = m-rt

- G(O.0123m1) Gm1

PR 2
At time ¢ + 6t (d—2) *
&elocit}ff of car = v + dv 5 1 00123
ass of car = m —rt — rot xz_(d—x)Q
2
At time £ + 6t =07 0123
O e r1 . . 2 :
Velocity of fuel ejected since time t = v —u z
M f this fuel = rdt d—
ass of this fuel = r T _ /00193
x
Calculating change in momentum and equating to the ﬂ _1=+00123

impulse
(m—rt—rot)(v+0v)+(rét)(v—u)—(m—rt)v = —0.1vdt
d 00133
mu—vrt—ordt+mov—rtév—rotdv+vrdt—urdt—uvm-+vrt = —0.1vdt - =Vv0.0123 +1
mov — rtév — rétév — urdt = —0.1vdt

therefore
taking only terms to first order and dividing by dt = 1 d
v v0.0123 + 1
E(m —rt) =ur —0.1v = 0.90d
As 6t — 0 (Since x < d, we have just considered the positive
dv _ur—0.1v square root)
dt m —rt
(c) from(a)
(b) dv _ sz Gmy
@_’U,T—O.lv ’U%— (dfx)Q_ 2
dt — m—rt v z x
v 10 vdv = ﬂdm — %dx
/ dv _ dt u r (d—x)? r 2
—0.1 —rt v z
. 0 ur v 010 m—r 11}2 _ Gmo n Gmy
[ [ o Rl lr Rl
16000 — 0.1 1000 — 20t
0 v 01 11}2 B 1u2 _ Gmy  Gmy n Gmy  Gmy
~10 [In(16000 — 0.1v)]¢ = g [n(1000 - 201)]5° 2 2 (d—z) (d—R) =z R

1
—10 (In(16000 — 0.1v) — In(16000)) = — == (In800 — In 1000) , _ /5 11 5 o1y
20 v Gmo i—z d—R +2Gmy + R +u

—10 (In(16000 — 0.1v) — In(16000)) = —% (In0.8) Question 5

1
—10 (In(16000 — 0.1v)) = ~30 (In0.8) — 10In(16000)  (a) Auxiliary Equation

~10 (In(16000 — 0.1v)) = 96.79228 m? 4 m 5 — 0
1n(16000 — 0.1v) = 9.679228 _— %ﬂ
_ /9.679228
16000 — 0.1v = e =
v = 10(16000 _ 69‘679228) m = f

v=178ms™? m=-1+22
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So Complementary Function is
0 = e "(Acos2t + Bsin 2t)

To find Particular Integral

Let trial function be 6y = k, so Gy =0
Therefore
5k =0.3

k =0.06

General Solution is

0 = e *(Acos2t + Bsin2t) + 0.06

When t=0, 8 = 0.2
0.2=A+40.06

A=0.14
Differentiating GS
0 = e '(—2Asin 2t+2B cos 2t) —e "' (A cos 2t + B sin 2t)
When t=0, § =0
0=2B—-A
1 1
B=-A=-(0.14) =0.07

54 =5(0.14)

so required solution is

0 = e '(0.14 cos 2t + 0.07 sin 2t) + 0.06

Ast — o

et =0

S0
e "(0.14 cos 2t + 0.07sin2t) — 0

so ast — o0
6 — 0.06

23



